A new high-order conservative finite element method for Darcy flow is presented. The key ingredient in the formulation is a volumetric, residual-based, based on Lagrange multipliers in order to impose conservation of mass that does not involve any mesh dependent parameters. We obtain a method with high-order convergence properties with locally conservative fluxes. Furthermore, our approach can be straightforwardly extended to three dimensions. It is also applicable to highly heterogeneous problems where high-order approximation is preferred.
Problem 1
Many porous media related practical problems lead the numerical approximation of the pressure equation
In multi-phase immiscible incompressible flow, p and λ are the unknown pressure and the given phase mobitity of one 3 the phase in consideration (water, oil or gas); ( see e.g., [4, 3, 18, 17, 1, 2] ). The objective of find an approximation for 4 p satisfying the above equation and without loss of generality we assume Dirichlet boundary conditions. In general, 5 the forcing term q is due to gravity, sources or sinks. The mobility phase in consideration Λ(x) = K(x)k r (S (x))/µ, 6 where K(x) is absolute (intrinsic) permeability, k r is the relative phase permeability and µ the phase viscosity of the 
Here V is a control volume that does not cross ∂Ω from a set of controls volumes of interest, and here and after n is the 45 normal vector pointing out the control volume in consideration. If some appropriate version of the total flux restriction 46 written above holds, the method that produces such an approximation is said to be a conservative discretization. 
where, for p, v ∈ H 1 (Ω), the bilinear form a is defined by 
the functional F is defined by
In order to have a general formulation we assume that Λ(x) in Problem (4) is uniform elliptic and bounded, 93 however, in certain parts of the paper when regularity is required, we assume Λ(x) = 1. The Problem (4) is equivalent 
where the minimum is taken over v such that v − p D ∈ H 
where p D ∈ H 1 (Ω) is any extension of p D given on ∂Ω to Ω.
97
Let p be the solution of (4) 
where 100 W = {v : v ∈ H 1 0 (Ω), and τ i (v) = m i , 1 ≤ i ≤ M}. Problem (9) above can be view as Lagrange multipliers min-max optimization problem. See [7] and references therein.
Then, in case an approximation of p, say p h , it is required to satisfy the constraints τ i (p h ) = m i , 1 ≤ i ≤ M, we 102 can discretize directly the formulation (9) . In particular, we can apply this approach to a set of mass conservation 103 restrictions used in finite volume discretizations.
104
In order to deal with mass conservation properties we follow the method introduced in [27] . Before continuing 105 with the description of the problem we introduce the meshes we are going to use in our discrete problem. Let
j=1 made of elements that are triangles or squares. Here N h is the number of elements of the triangulation.
107
We also have given a dual mesh τ *
where the elements are called control volumes. Figure 3 illustrate a primal 108 and dual mesh made of squares. In general it is selected one control volume per vertex of the primal triangulation.
109
In order to ensure the mass conservation, we impose it as a restriction (by using Lagrange multipliers) in each
k=1 . We mention that our formulation allows for a more general case where only few control 111 volumes, not related to the primal triangulation, are selected.
112
Recall that we assume that each V k is a subdomain of Ω with polygonal boundary and 1 
where the subset of functions that satisfy the mass conservation restrictions is defined by 
Here, the total flux bilinear form a :
Λ∇v · n for all v ∈ H 1 0 (Ω), and µ ∈ M h .
The functional F :
The first order conditions of the min-max problem above give the following saddle point problem: Find p with 
See for instance [7] . Note that if the exact solution of problem (7) for all µ ∈ M h .
Also observe that the second equation above corresponds to a family of equations, one for each h, all of them having 124 the same solution. The discrete version of (15) is to find p h ∈ P h and λ ∈ M h such that
Let {ϕ i } be the standard basis of P h . We define the matrix 
Note that A is the finite element stiffness matrix corresponding to finite element space P h . Introduce also the 
With this notation, the matrix form of the discrete saddle point problem is given by,
where the vector f is defined by,
For instance, in the case of the primal and dual triangulation of Figure 3 and r = 2, the finite element matrix A is 139 a sparse matrix with 19 diagonals. Also, a control volumes V k has not empty interception with, at most, 9 supports of 140 basis functions φ j , see Figure 3 . Then, matrix A is also sparse. 
164
The numerical analysis of our methodology is under current investigation and it will presented elsewhere. 
Analysis

166
We show next that imposing the conservation in control volumes using Lagrange multipliers does not interfere with 167 the optimality of the approximation in the H 1 norm. As we will see, imposing constraints will result in non optimal 168 L 2 approximation but we were able to reformulate the L 2 approximation to get back to the optimal approximation.
169
Recall that τ * h is the dual triangulation associated to the primal triangulation τ h . In this section we assume that 170 λκ = 1 in order to simplify the notation. Let p be the solution of (4) .
and there for p is also the pressure component of the solution of (14) . We compare this solution with the the solution
172
of the discrete problem (15) .
173
In our analysis we use the energy norm in the space V and a discrete norm in the space M h . Before proceeding we 174 introduce notation to avoid proliferation of constants. We use the notation A B to indicate that there is a constant 
3. Inf-Sup: there exists α > 0 such that
Remark 2. The Inf-Sup condition above can be replaced by: there exists α > 0 such that
We present a concrete example of the norms of V h and M h in the next section. We have the following result. The 186 proof follows the classical approximation results of saddle point problems. We present its proof for completeness.
187
Theorem 3. Assume that "Assumption A" holds. Then, there exists a constant C such that
Proof. Note that in both problems, (14) and (15) , µ h belongs to the finite dimensional subspace M h . Also, the exact solution of the Lagrange multiplier component of (14) is λ = 0. Now we derive error estimates following classical saddle point approximation analysis. Define
First we prove
The inf-sup above in (21) 
Since a is elliptic there exists a unique solution and therefore
where p h is the solution of (15) . We have from (14) and (15) and using (24) that
Then, by using the elipticity of a, we have
Then
so that (23) holds true.
192
We now show that
Take any v h ∈ W h . The inf-sup condition (21) implies that there exists a unique z h ∈ P h such that
Then we have that z h 0,
and therefore
Note that we have used the continuity ofā in the extended norm
Therefore we have that
Combining (23) and (27) we get the result. assume from now on that Λ = I (identity). In this case, · a = | · | 1 , and we will show in the next section that 
198
Theorem 4. Assume that the problem (14) is regular (see [28] ) and "Assumptions A and B" hold. Then,
Analogously, define S g as the solution of
Observe 
Recall that,
By using the definition of S , S h 0 and S h 1 in (28) and (30) we get
In the last step we have used (31). Replacing the last inequality in (32) we get our result. In this section we consider a regular mesh made of squares. See Figure 3 . Define
that is, Γ * is the interior interface generated by the dual triangulation. To motivate the definition of the norms we study the continuity of the bilinear form a. Observe that,
And therefore by applying Cauchy inequality and adding up we get,
Using an inverse inequality ( [28]) we get that
Now we are ready to define the norm
Note that if p n ∈ Q 1 , the, p n
.
210
Also define the discrete norm for the spaces of Lagrange multipliers as
We just showed above that the form a is continuous, that is, there is a constant C such that,
This also implies continuity in the H 1 norm.
212
Now let us show the inf-sup condition. 
Proof. Given µ ∈ P 0 define v ∈ Q 1 as v(x) = µ(x) if x is a nodal point. We first verify that,
It is enough to verify this equivalence of norms in the reference square
the values of the function v at the nodes of the reference element. We have,
and we can directly compute ∂ x V n = (P 2 − P 1 )(1 − y) + (P 4 − P 3 )y and ∂ y V n = (P 3 − P 1 )(1 − x) + (P 4 − P 2 )x. Therefore,
Analogously,
This prove (41). Now we verify that
Observe that if R is an element of the primal triangulation, Γ ∩ R can be written as the union of four segments denoted by Γ * i,R where i = 4(up), 2(le f t), 3(right), 1(down).
If we add these last form equations we get
This finish our proof.
218
Assumption B: Let v ∈ H 2 (Ω). Then following approximation holds
We mention that, for regular meshes and Q 2 finite element spaces and the norm · defined in (38), Assumption B 
and if the problem is regular
We finish this section by mentioning that our analysis is valid for high order finite element on regular meshes made 226 of triangles since a similar analysis holds in this case. 
Numerical Experiments
228
We consider the Dirichlet problem (1). We use r = 2 for the numerical illustration and r = 1 for comparison.
229
We also employ the meshes depicted in Figure 3 with a variety of mesh sizes. We impose conservation of mass as 230 described in the paper by using Lagrange multipliers. For this paper, we solved the saddle point linear system by LU 231 decomposition. Several iterative solvers can be proposed for this saddle point problem but this will be considered in 232 future studies and not here. 
Smooth problem with Dirichlet boundary conditions
239
We selected the following forcing and exact solution,
First we implemented the case of Q 1 elements that corresponds to the classical finite element and classical finite 240 volume methods. We compute L 2 and H 1 errors. We present the results in Table 1 and displayed graphically in
241
Figures 3 and 4. We observe here optimal convergence of both strategies. We mention that for this numerical test we 242 have solved all the linear systems by using MatLab backslash operator. 
We now consider the case of Q 2 finite element space. We have computed the FEM solution as well as the solution
244
of the saddle point system (15) . We call this last solution the High order FV solution. We estimate the L 2 and H 1 245 errors for both FEM and FV and compare the results through the log-log graphics shown in Figure 5 and Figure 6 .
246
See also the Table 2 for comparisons. Numerical convergence is observed with a rate of 2 for the H 1 error. The error
For this error, the observed convergence rate is close to 2 but if we observe the error
we estimate a convergence rate of 3. These results coincide with our theoretical predictions four 249 our High order FV formulation. We now turn our attention to the norm · V h , defined in (38), of the computed error. We introduce the seminorm,
Note that p
We present the results in Table 3 . We see from this results that the error in the 252 seminorm |p| 2 V h decays linearly and recall that for our result to hold it is enough this seminorm to be bounded since 253 this term is scaled by a factor h in the definition of the extended norm (38).
254
Using our high order formulation we compute the conservative approximation of the pressure and a Lagrange 255 multiplier which is used to correct the solution for a improved L 2 approximation. Note that the exact solution value 256 of the Lagrange multiplier is λ = 0. We now compute the error in the Lagrange multiplier approximation. The results
257
are presented in Table 4 . We observe a convergence of order 2 in the approximation of the Lagrange multiplier.
258
To finish this subsection we compute energy and conservation of mass indicators in Table 5 . The energy is defined . Log-log graphic of FEM and FV L 2 errors for numerical solutions of Example 1, using while the conservation of mass indicator is given by,
Problems with Neumann boundary condition
262
For comparison, we also solve two problems with Neumann boundary conditions. The first problem has a singular . Log-log graphic of FEM and FV H 1 errors for numerical solutions of Example 1, using
M |p| 
Smooth forcing 272
To finish our comparison with Neumann boundary condition we consider the case where the flux term is given by 273 q(x, y) = x − y. In Table 7 we show the results. We obtain expected results with our FV formulation being as accurate 274 as the FEM formulation and still satisfying the conservation of mass restrictions. With this in mind, as a future perspective is to plug our novel high-order conservative finite element method in a 287 numerical simulator. For the purpose of such study it is necessary to describe a coupled pressure-velocity (elliptic) primary unknown, is just the Darcy velocity that we need to plug into the convection dominated transport system.
293
Thus, to achieve a sufficiently coupling between the volume fractions (or saturation) and the pressure-velocity, the full 294 problem can be treated along with a fractional-step numerical procedure [2, 1] ; we point out that we are aware about 295 the very delicate issues linked to the discontinuous capillary-pressure (see [3] and the references therein); such issues 296 must be considered no matter how is the time discretization of the convection dominated transport, namely, explicitly 297 or implicitly. Before continuing, remember that Figure 3 illustrates a primal τ h and dual τ * h mesh made of squares.
298
Thus, a feasible time marching algorithm (see, e.g. [2, 1, 19, 21] ) to the full set of nonlinear differential model 299 saturation-pressure-velocity equations is given by solving for the saturation, in hyperbolic -parabolic sub-steps, and 300 the total Darcy velocity, in the velocity-pressure sub-steps. The approximation of elliptic pressure equation will take 301 advantage of our high-order conservative finite element method while the transport equation can be handle by fast-302 accurate finite-volume method, by combining primal and dual meshes as we are using here. hazards of contamination and transport by ground water, CO2 geological sequestration and storage, acid mine drainage 317 remediation, just to name a few up to date subsurface hydrology and groundwater modeling, and geothermal energy 318 associated to petroleum science and engineering. 
Problem
Many porous media related practical problems lead to the numerical approximation of the pressure equation
where ∂Ω D is the part of the boundary of the domain Ω (denoted by ∂Ω) where the Dirichlet boundary condition is imposed. In case the measure of ∂Ω D (denoted by |∂Ω D |) is zero, we assume the compatibility condition Ω q dx = 0. On the above equation we have assumed without loss of generality homogeneous boundary conditions since we can always reduce the problem to that case. The domain Ω is assumed to be a convex polygonal region in order at least H 2 regularity, see [1] , and for a rectangle domain the problem is H p regular for any integer p. We note however that this convexity or rectangularity are not required for the discretization, they are required only when regularity theory of partial differential equations (PDEs) is considered for establishing the a priori error estimates.
In multi-phase immiscible incompressible flow, p and Λ are the unknown pressure and the given phase mobitity of one of the phases in consideration (water, oil or gas); ( see e.g., [2, 3, 4, 5, 6, 7] ). In general, the forcing term q is due to gravity, phase transitions, sources and sinks, or when we transform a nonhomogeneous boundary condition problem to a homogeneous one. The mobility phase in consideration is defined by Λ(x) = K(x)k r (S (x))/µ, where K(x) is the absolute (intrinsic) permeability of the porous media, k r is the relative phase permeability and µ the phase viscosity of the fluid. The assumptions required in this numerical analysis article may not in general hold for such large-scale flow models.
1
The main goal of our work is to obtain conservative solution of the equations above when they are discretized by high order continuous piecewise polynomial spaces. The obtained solution satisfies some given set of linear restrictions (may be related to subdomains of interest). Our motivations come from the fact that in some applications it is imperative to have some conservative properties represented as conservations of total flux in control volumes. For instance, if q h represents the approximation to the flux (in our case q h = −Λ∇p h where p h is the approximation of the pressure), it is required that
Here V is a control volume that does not cross ∂Ω D from a set of controls volumes of interest, and here and after n is the normal vector pointing out the control volume in consideration. If some appropriate version of the total flux restriction written above holds, the method that produces such an approximation is said to be a conservative discretization. Several schemes offer conservative discrete solutions. These schemes depend on the formulation to be approximated numerically. Among the conservative discretizations for the second the order formulation the elliptic problem we mention the finite volume (FV) method, some finite difference methods and some discontinuous Galerkin methods. On the other hand, for the first order formulation or the Darcy system we have the mixed finite element methods and some hybridizable discontinuous Galerkin (HDG) methods.
In this paper, we consider methods that discretize the second order formulation (1). Working with the second order formulation makes sense especially for cases where some form of high regularity holds. Usually in these cases the equality in the second order formulation is an equality in L 2 so that, in principle, there will be no need to weaken the equality by introducing less regular spaces for the pressure as it is done in mixed formulation with L 2 pressure. For second order elliptic problems, a very popular conservative discretization is the finite volume (FV) method. The classical FV discretization provides and approximation of the solution in the space of piecewise linear functions with respect to a triangulation while satisfying conservation of mass on elements of a dual triangulation. When the approximation of the piecewise linear space is not enough for the problem at hand, advance approximation spaces need to be used (e.g., for problems with smooth solutions some high order approximation may be of interest). However, in some cases, this requires a sacrifice of the conservation properties of the FV method. Here in this paper, we design and analyze conservative solution in spaces of high order piecewise polynomials. We follow the methodology in [8] , that imposes the total flux restrictions by employing Lagrange multiplier technique. This methodology was developed in order to apply the higher-order methods constructed in [9, 10, 11, 12 ] to two-phase flow problems.
We note that FV methods that use higher degree piecewise polynomials have been introduced in the literature. The fact that the dimension of the approximation spaces is larger than the number of restrictions led the researchers to design some method to select solutions: For instance, in [13, 14, 15] to introduce additional control volumes to match the number of restrictions to the number of unknowns. It is also possible to consider a Petrov-Galerkin formulation with additional test functions rather that only piecewise constant functions on the dual grid. Other approaches. have been also introduced, see for instance [16] and references therein.
In the construction of new methodologies into a reservoir simulation should have into account the following issues: 1) local mass conservation properties, 2) stable-fast solver and 3) the flexibility of re-use of the novel technique into more complex models (such as to nonlinear time-dependent transport equations equation for the convection dominated transport equation). For Darcy-like model problems with very high contrasts in heterogeneity, the discretization of Darcy-like models alone may be very hard to solve numerically due to a large condition number of the arising stiffness matrix. Moreover, the situation in even more intricate for modeling non trivial two- [17, 18] and three-phase [7, 6] transport convection dominated phenomena problems for flow through porous media (see also other relevant works [19, 2, 5, 20] ). Thus, to achieve a sufficiently coupling between the volume fractions (or saturation) and the pressurevelocity, the full problem can be treated along with a fractional-step numerical procedure [7, 6] ; we point out that we are aware about the very delicate issues linked to the discontinuous capillary-pressure (see [3] and the references therein). Indeed, the fluxes (Darcy velocities) are smooth at the vertices of the cell defining the integration volume in the dual triangularization, since these vertices are located at the centers of non-staggered cells, away from the jump discontinuities along the edges. This facilitates the construction of second-order and high-order approximations linked to the hyperbolic-parabolic model problem [7, 6] . This gives some of the benefits of staggering between primal and dual mesh triangulation by combining our novel high-order conservative finite element method with finite volume for hyperbolic-parabolic conservation laws modeling fluid flow in porous media applications.
Here in this paper, we consider a Ritz formulation and construct a solution procedure that combines a continuous Galerkin-type formulation that concurrently satisfies mass conservation restrictions. We impose finite volume restrictions by using a scalar Lagrange multiplier for each restriction. This is equivalently to a constraint minimization problem where we minimize the energy functional of the equation restricted to the subspace of functions that satisfy the conservation of mass restrictions. Then, in the Ritz sense, the obtained solution is the best among all functions that satisfy the mass conservation restriction.
Another advantage of our formulation is that the analysis can be carried out with classical tools for analyzing approximations to saddle point problems [21] . We analyze the method using an abstract framework and give an example for the case of second order piecewise polynomials. An important finding of these paper is that we were able to obtain optimal error estimates in the H 1 norm as well as the L 2 norm. Our L 2 error analysis requires additional assumptions, including specially collocated dual meshes and Λ = I, and is obtained by adding the Lagrange multipliers to the approximation p h by an Aubin-Nitsche trick [22, 23] .
The rest of the paper is organized as follows. In Section 2 we present the Lagrange multipliers formulation of our problem. In Section 3 we introduce the saddle point approximation for which the analysis is presented in Section 4. In Section 5 we present the particular cases of high-order continuous finite element spaces. For this last case we present some numerical experiments in Section 6. To close the paper we present some conclusions in Section 7. (1) 
Lagrange multipliers and conservation of mass
is to find p ∈ H
where the bilinear form a is defined by
and the functional F is defined by
In order to consider a general formulation for porous media applications we let Λ be a 2 × 2 matrix with entries in L ∞ (Ω) in Problem (5) to be almost everywhere symmetric positive definite matrix with eigenvalues bounded uniformly from below by a positive constant, however, in certain parts of the paper when analysis and regularity theory are required, we assume Λ(x) = I(identity). The Problem (5) is equivalent to the minimization problem: Find p ∈ H 1 D and such that p = arg min
where
In order to deal with mass conservation properties we adopt the strategy introduced in [8] . Let us introduce the meshes we are going to use in our discrete problem. Let the primal triangulation T h = {R ℓ } In order to ensure the mass conservation, we impose it as a restriction (by using Lagrange multipliers) in each control volume {V k } N * h k=1 . We mention that our formulation allows for a more general case where only few control volumes, not necessarily related to the primal triangulation, are selected.
Let us define the linear functional
To fix that, recall that q ∈ L 2 (Ω), therefore, let us define the Hilbert space
where the divergence is taken in the weak sense. We note that this space and norm are well-defined with the properties of Λ described above, that is, the smaller eigenvalue of Λ(x) is uniformly bounded from below by a positive number, by using similar arguments given in [24] *Theorem 1. It is easy to see by using integration by parts with the function z = 1 that τ k is a continuous linear functional on H 1 div,Λ (Ω). The integration by parts can be performed since Λ∇v · ∇v
is well-defined and bounded by Λ∇v · ∇v
Let p be the solution of (5) and define (8) is also equivalent to:
where (10) above can be view as Lagrange multipliers min-max optimization problem. See [21] and references therein. Then, in case an approximation of p, say p h is required to satisfy the constraints
h , we can do that by discretizing directly the formulation (10) . In particular, we can apply this approach to a set of mass conservation restrictions used in finite volume discretizations.
In order to proceed with the associate Lagrange formulation, we define M h = Q 0 (T * h ) to be the space of piecewise constant functions on the dual mesh T * h . For µ ∈ M h , depending on the context, we also interpret µ as the vector
The Lagrange multiplier formulation of problem (10) can be written as: Find p ∈ H 1 div,Λ (Ω) and λ ∈ M h that solve:
The functional F : M h → R is defined by
Note that problem (11) depends on T * h and therefore depends on h. The first order conditions of the min-max problem above give the following saddle point problem: Find p ∈ H 1 div,Λ (Ω), and λ ∈ M h that solve:
See for instance [21] . Note that if the exact solution of problem (8) satisfies the restrictions in the saddle point formulation above we have λ = 0 and we get the uncoupled system
Also observe that the second equation above corresponds to a family of equations, one for each triangulation parametrized by h, all of them have the same solution.
Discretization
Recall that we have introduced a primal mesh
ℓ=1 made of elements that are triangles or squares. We also have given a dual mesh T *
where the elements are called control volumes. In order to fix ideas we assume that the number of control volumes of T * h equals the number of free vertices of T * h . Figure 1 illustrates a primal and dual mesh made of squares for the case ∂Ω D = ∂Ω. Let us consider P h = Q r (T h ) the space of continuous and piecewise polynomials of degree r on each element of the primal mesh, and
) be the space of piecewise constant functions on the dual mesh T * h . We mention here that our analysis may be extended to different spaces and differential equations. See for instance [8] where we consider GMsFEM spaces instead of piecewise polynomials.
The discrete version of (13) is to find
Let {ϕ i } be the standard basis of P h D . We define the matrix
Note that A is the finite element stiffness matrix corresponding to finite element space P h D . Introduce also the matrix
where the vectors
k=1 are defined respectively by
For instance, in the case of the primal and dual triangulation of Figure 2 and polynomial degree r = 2, the finite element matrix A is a sparse matrix with 19 diagonals. Also, for a control volume V k there are at most 9 supports of basis functions ϕ j with non-empty intersection with it, see Figure 2 . 
Remark 1. Note that matrix A is related to classical (low order) finite volume matrix. Matrix A is a rectangular matrix with more columns than rows. Several previous works on conservative high-order approximation of second order elliptic problem have been designed by "adding" rows using several constructions. For instance, one can proceed as follows:
Construct additional control volumes and test the approximation spaces against piecewise constant functions over the total of control volumes (that include the dual grid element plus the additional control volumes).
We mention that constructing additional control volumes is not an easy task and might be computationally expensive. We refer the interested reader to [13, 14, 15] for additional details. [21] . Additionally, we mention that the analysis of the method can be carried out using usual tools for the analysis of restricted minimization of energy functionals and mixed finite element methods. The numerical analysis of our methodology is under current investigation and it will presented elsewhere.
Use additional basis functions that correspond to nodes other than vertices to obtain an FV/Galerkin
Analysis
We show next that imposing the conservation in control volumes using Lagrange multipliers does not interfere with the optimality of the approximation in the H 1 norm. As we will see, imposing constraints will result in non optimal L 2 approximation but we were able to reformulate the L 2 approximation to get back to the optimal approximation by using the discrete Lagrange multiplier as a corrector.
Before proceeding we introduce notation to avoid proliferation of constants. We use the notation A B to indicate that there is a constant C 1 such that A ≤ C 1 B. If additionally there exist C 2 such that B ≤ C 2 A we write A ≍ B. These constants do not depend on Λ, u, u h , λ h , q, they might depend on the shape regularity of the elements and the shape of Ω.
We present a concrete example of the norms of V h and M h in the next section, see (37) and (38), respectively.
Assumption A: There exist norms · V h and · M h for V h and M h , respectively, such that
2. Continuity: there exists ā ∈ R such that
We have the following result. Assume that {p, λ} is the solution of (13) and {p h , λ h } the solution of (15) . We have the following result. The proof uses classical approximation techniques for saddle point problems. 
Proof. Note that in both problems, (13) and (15), µ belongs to the finite dimensional subspace M h . Also, the exact solution of the Lagrange multiplier component of (14) is λ = 0. Now we derive error estimates following classical saddle point approximation analysis. Define
The inf-sup above in (20) implies that W h (q) (as well as W h ) is not empty. Take any w h ∈ W h (q) and solve for z h the problem,
where p h is the solution of (15) . We have from (14) and (15) and using (23) that
Then, by using the ellipticity of a, we have
so that (22) holds true. We now show that
Take any v h ∈ W h . The inf-sup condition (20) implies that there exists a unique
Therefore we have that w h ∈ W h (q). Moreover,
Combining (22) and (26) we get the result.
From now on we assume from that Λ = I (identity). In this case, · a = | · | H 1 (Ω) , and as we will see in Section 5 for regular meshes and Q r (T h ) elements that the "Assumption A" holds with 1/α = O(1), |ā| = O(1) with the norms V h and M h defined in (37) and (38), respectively. The next two Assumptions are discussed at the end of Section 5. Assumption B: Assume that solution p of the problem (1) is in H r+1 (Ω) and the following approximation holds for some integer r ≤ 1 inf
As a corollary of "Assumptions A and B" and Lemma 3, we obtain
As we will show in the numerical experiments, the error p − p h L 2 (D) is not optimal but according to the next result if we correct p h to p h + λ h we recover the optimal approximation. The proof of the following results follows from a duality argument similar to that of the Aubin-Nitsche method; see [22, 23] . Let us introduce the following regularity assumption:
Assumption C: The problem is H 2 (Ω) regular (see [22] ) if for anyq ∈ L 2 (Ω) as a right-hand side for the problem (1), its solutionp satisfies
Theorem 4. Assume that Λ = I. Assume also that "Assumptions A, B and C" hold. Then,
(27)
Observe that p h = S h 1 q, λ h = S h 0 q and p = S q. According to our previous result in Theorem 3 combined with standard regularity and approximation results ( [22] ) we have
By using the definition of S , S h 0 and S h 1 in (27) and (29) we get
In the last step we have used (30). Replacing the last inequality in (31) and with "Assumption B", we get the result.
The case of piecewise polynomials of degree two in regular meshes
In this section we consider a regular mesh made of squares. See Figure 1 . Define
that is, Γ * h is the interior interface generated by the dual mesh.
For each control volume V k , denote by E(k) the set of element of the primal mesh that intersect V k . Note that in each control volume we have
To motivate the definition of the norms we study the continuity of the bilinear form a. Observe that,
Using a trace inequality we get that
by using inverse inequality.
We have shown above that the form a is continuous, that is, there is a constant |ā| such that,
This also implies continuity in the H 1 norm. Now let us show the inf-sup condition. 
is a vertex of the primal mesh in V i and v(x i ) = 0 if x i is a vertex of the primal mesh on ∂Ω D . We first verify that,
It is enough to verify this equivalence of norms in the reference squareR = [0, 1]×[0, 1]. Denote by P i , i = 1, 2, 3, 4 the values of the reference functionv at the nodes of the reference element. We have,
and we can directly compute ∂ xv = (P 2 − P 1 )(1 − y) + (P 4 − P 3 )y and ∂ yv = (P 3 − P 1 )(1 − x) + (P 4 − P 2 )x. Therefore, after some calculations we obtain
This prove (40). Now we verify that
Observe that if R is an element of the primal triangulation, Γ * h ∩ R can be written as the union of four segments denoted by Γ * i,R where i = 4(up), 2(le f t), 3(right), 1(down). Working again on the reference square, we have
We mention that for quasi-uniform and shape regular meshes, for quadrilateral Q r (T h ) or triangular P r (T h ) finite element spaces, the "Assumption B" holds for p ∈ H r+1 (Ω). For the solution p of problem (1) to be in H r+1 (Ω), it is necessary to impose conditions on the shape and smoothness of domain as well as on the type of boundary conditions (Dirichlet, Neumann or mixed); see [1] . For instance, for the pure homogeneous Dirichlet boundary condition case, it is sufficient that Ω be convex and q ∈ L 2 (Ω) in order that p ∈ H 2 (Ω), and also "Assumption C" follows. For p to be in H r+1 (Ω) for integer r ≤ 2, it is sufficient that Ω be a rectangular domain and q ∈ H r−1 (Ω). Higher-order approximation and regularity can also be obtained for curved isoparametric finite elements on domains with smooth boundaries.
Numerical Experiments
We consider the Dirichlet problem (1) and employ the meshes depicted in Figure 1 with a variety of mesh sizes and Λ = I. We impose conservation of mass as described in the paper by using Lagrange multipliers. For this paper, we solved the saddle point linear system by LU decomposition. Several iterative solvers can be proposed for this saddle point problem but this will be considered in future studies, not here.
Consider Ω = [0, 1] × [0, 1] and Λ = I. We consider a regular mesh made of 2 M × 2 M squares. The dual mesh is constructed by joining the centers of the elements of the primal mesh. We performed a series of numerical experiments to compare properties of FEM solutions with the solution of our high order FV formulation (to which we refer from now on as FV solution). The FV formulation with correction we denote by FV + λ.
Smooth problem with nonhomogeneous Dirichlet boundary conditions
We selected the following forcing term and Dirichlet boundary conditions as q(x, y) = 2π(cos(πx) sin(πy) − 3 sin(πx) cos(πy) + π sin(πx) sin(πy)(−x + 3y)), u D (x, y) = 1 + x + 2y, and see that the exact solution is p(x, y) = sin(πx) sin(πy)(−x + 3y) + 1 + x + 2y.
First we implemented the case of Q 1 (T h ) elements that corresponds to the classical finite element and classical finite volume methods. We compute L 2 and H 1 errors. We present the results in Table 1 and displayed graphically in Figures  3 and 4 . We observe here optimal convergence of both strategies. We now consider the case of Q 2 (T h ) finite element space. We have computed the FEM solution as well as the solution of the saddle point system (15) . We call this last solution the High order FV solution. We estimate the L 2 and H 1 errors for both FEM and FV and compare the results through the log-log graphics shown in Figure 5 and Figure  6 . See also the Table 2 Figure 3 . Log-log graphic of FEM and FV L 2 errors for numerical solutions of Example 1, using We now turn our attention to the norm · V h , defined in (37), of the computed error. We introduce the seminorm,
We present the results in Table 3 . We see from this results that the error in the seminorm | · | V h decays linearly with h and recall that this seminorm is scaled by a factor h in the definition of the extended norm · V h in (37).
Using our high order formulation we compute the conservative approximation of the pressure and a Lagrange multiplier which is used to correct the solution for a improved L 2 approximation. Note that the exact solution value of the Lagrange multiplier is λ = 0. We now compute the error in the Lagrange multiplier approximation in the M h norm. The results are presented in Table 4 . We observe a convergence of order 2 in the approximation of the Lagrange multiplier.
To finish this subsection we compute energy and conservation of mass indicators in Table 3. Table of scaled .
while the conservation of mass indicator is given by,
Singular forcing with nonhomogeneous Neumann boundary condition
For comparison, we also solve two problems with Neumann boundary conditions. The first problem has a singular forcing term in the form of a font located at (0, 0) and a source located in (1, 1) . The computed solution for this problem is shown in the Figure 7 . The second problem has a smooth forcing term. Table 6 shows FEM and FV computed order of convergence of the error. Apart from computing L 1 and L 2 norms of the error we also include the measure of the error in the seminorm W 1,1 (note that in this case the solution of this problems in not regular and is not in H 1 (Ω)). We observe here that, in terms of approximation, the performance of both strategies FEM and FV perform similarly with respect to the order of the polynomials. The main difference between the two computed solution is only the conservation of mass that is being satisfied only by the FV solution. 
Smooth forcing
To finish our comparison with Neumann boundary condition we consider the case where the flux term is given by q(x, y) = x − y. In Table 7 we show the results. We obtain expected results with our FV formulation being as accurate as the FEM formulation and still satisfying the conservation of mass restrictions.
Conclusions
In this paper, we introduce a high-order discretization with locally conservative properties for a second-order problem. Our formulation discretizes the second order problem and there is no need to write an equivalent first order system of differential equations. It is, therefore, a novel approach and it is fundamentally different from classical mixed finite element methods such as discretizing by Raviart-Thomas elements. We impose the conservative constraints by using a Lagrange multiplier for each control volume and therefore we can compute locally conservative solutions while keeping the high-order approximation. For the case of constant permeability coefficient, we present the analysis of our formulation at the continuous and discrete levels. In particular, we obtain optimal estimates for the H 1 and L 2 norms. We mention also that the optimal L 2 approximation is obtained without any post-processing or hybridization which are other differences with classical mixed finite element methods. The analysis can be straightforwardly extended to the case of smooth permeability coefficients. 16 We present numerical experiments that verify our theoretical findings. We also stress the fact that our approximation of the solution has continuous tangential fluxes along primal element edges. The implementation of our method is simple and requires only coding tools used for classical conforming high-order finite element method plus the computation of fluxes of basis functions along control volumes boundaries (as in the classical low-order finite volume method).
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Our formulation can be easily extended to a variety of cases where both high-order approximation and also conservative properties are desirable. For instance, we mention the case of flow problems in high-contrast multiscale porous media with sophisticated high-order discretization schemes, see [8] . We note that the analysis for this case and for other high-order approximation spaces is non-trivial as well as robust solvers are under investigation. 
